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On the general structure of nonlinear evolution equations
and their Bicklund transformations connected with the
matrix non-stationary Schrodinger spectral problem

B G Konopelchenko
Institute of Nuclear Physics, Novosibirsk-90, 630090, USSR

Received 6 April 1982

Abstract. The general form of nonlinear evolution equations in 1+ 2 dimensions integrable
by the matrix non-stationary Schrodinger spectral problem is found. The infinite-
dimensional group of Backlund transformations for these equations is constructed and
the nonlinear superposition principle is obtained.

1. Introduction

One of the main problems of the inverse scattering transform (1sT) method is that of
the description of the equations integrable by this method (see e.g. Zakharov et al
1980, Bullough and Caudrey 1980). In Ablowitz et al (1974, to be referred to as
AKNS) the very simple and convenient description of the class of partial differential
equations integrable by the second-order problem (*) d¢s/dx = AA¢ +p(x, t)¢ has been
given. Then this approach (the AKNs approach) was generalised to the problem
(%) of arbitrary order (Miodek 1978, Newell 1979, Kulish 1980, Konopelchenko
19804, b, ¢, 19814, b) and to some other one-dimensional spectral problems, Konopel-
chenko 1981c, d, Gerdjikov et al 1980). The infinite-dimensional groups of Bicklund
transformations for these classes of integrable equations have been also found (Calogero
and Degasperis 1976, 1977, Gerdjikov et al 1980, Konopelchenko 1980a, b, ¢, 1981a,
b, ¢, d).

The generalisation of the AKNS approach to the two-dimensional arbitrary-order
spectral problem dy/dx + Ady/dy +p(x, y, t)¢ =0 where A is a diagonalisable matrix
has recently been done by Konopelchenko (1981d). In Konopelchenko (1981d) the
general form of the integrable equations in 1 +2 dimensions (one time and two spatial
dimensions) and their Backlund transformations were obtained.

In the present paper we consider the two-dimensional matrix spectral problem

2
aa—lﬁ+§—%+ Ux,y, Y =0 (1.1

dy dx
where « is an arbitrary constant, the potential U(x, y,¢) is an N XN matrix and
Uix,y,t)~>0 (\/x§+yz—> 20). The order, N, of the matrix U(x, y, ¢) is arbitrary. The
spectral problem (1.1), i.e. the non-stationary Schrédinger spectral problem is well
known. In the scalar case (N =1) it was used for integration of the Kadomtsev-
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3426 B G Konopelchenko

Petviashvili equation (Zakharov and Shabat 1974, Dryuma 1974, Zakharov and
Manakov 1979, Zakharov 1980, Manakov 1981).

In this paper we find the general form of the nonlinear evolution equations in
1+ 2 dimensions integrable by (1.1). We construct the infinite-dimensional group of
Bicklund transformations for these equations. We also obtain the nonlinear superposi-
tion formula for the simplest Bicklund transformation.

The paper is organised as follows. In § 2 we introduce some special solutions of
the linear problem equivalent to (1.1), the scattering matrix, and obtain several
important relations. In § 3 we calculate the recursion operators A, and A, which
play a fundamental role in our constructions. The general form of the integrable
equations and Bécklund transformations is found in § 4. In § 5 we consider the simplest
Bécklund transformation and obtain the nonlinear superposition formulae.

2. Some preliminary relations

First of all let us note that the non-stationary Schrodinger problem (1.1) is equivalent
to the 2N-order linear problem

6_15' (0 aIN)a_}f'+< 0 Ux,y, t)

+ F=0 2.1
ax \0 0 /oy In 0 ) 2.1)

where Iy is an identical N X N matrix and 0 denotes an N X N matrix with zero
elements.
Together with the problem (2.1) one must also consider the adjoint problem

oF  oF (0 “I”)+F(° —U(M,’))=0, (2.2)

ox ay\o 0 In 0

It is more convenient, for our purposes, to consider the problems (2.1) and (2.2)
than the initial problem (1.1) and its adjoint problem —ady/dy + 0% /ox> +
YU (x,y,1)=0.

Let us introduce, following from Zakharov (1980) Bullough and Caudrey (1980)
and Konopelchenko (1981d), the matrix solutions El(x, y, t) and Ex (x, y, t) of the
problem (2.1) given by their asymptotic behaviour

EY(x,y, ) —— (2mi) 2g(0) exp(A 2y —iVaAox)
(2.3)
E (x, y,t) —_ Qmi)™V*D(A) exp(A°y —is/Z/\a'x)

where A is a complex number,
In, ivalnA
0'=(IN 0 ) ad a=( T )
0 -In G/YaM)In, In
Note that

— 2 —
@“( 10 “g I”).oz = —iVaAa.
N
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The scattering matrix Iy (X, A, t) is defined as follows (Zakharov 1980, Bullough and
Caudrey 1980, Konopelchenko 1981d)

+a0

Fieyn=]  diFf @y, 080 A0, @.4)
. Correspondingly for the adjoint problem (2.2) we introduce the matrix solutions
FX(x,y,t) and F5 (x,y,1)

Fi(x,y,t) —— 2mi) exp(-A’y +ivarox)21(A)
(2.5)
Fi(x,y,0) — Q2mi) " exp(—A 2y +iVarox)2 '(A)

and the scattering matrix S(X, A, 1)

+00

Fixy, r>=j xS, K, 0FF (x, v, 1), 2.6)

-0

One can show with the use of (2.1)-(2.6) that the following relations hold
o +00

dy F& (x,y, )E5 (x, y, 1) =8(X —A)

J—0

p +0O

dA®) F5 (x, y, OF 3 (x, ¥, ) =8(y'—y) 2.7)

Joo

a +00

du SOX, ey )8 (s A, 1) =8(X —A)

J—0

where §(A) is the Dirac delta function.
We assume that the potential U (x, y, t) decreases as NP y5—>oo so fast that all
the integrals which will appear in our calculations exist and that j'f: dy a(...)/ay =0.
Now, let

0 U I 4
P=(p o) m P=(L )
“In O an Iy 0

be two different potentials and F*, F*, F*', §, §' be corresponding solutions and
scattering matrices of the problems (2.1) and (2.2). One can prove (analogously to
Konopelchenko (1981d)) the following important relation

+0

+0
SEA0-$6A0==[ duSthun| axdyFiyn

X (P'(x, y, ) — P(x, y, NF Y (x, y, £). (2.8)

The mapping U(x, y, t) > S, A, 0) given by the spectral problem (2.1) and formula
(2.8) establishes a correspondence between the transformations T, : U - U’ on the
manifold of potentials {U(x, y, ), U(x,y, t)->0, Vxt+ y7—> oo} and the transforma-
tions T, : § > $' on the manifold of scattering matrices {S(X, A, 1)}

Let us consider only transformations T such that

a T, A, =~ 1~ A~
SKAD—>S' A D=B X, 0S8, A DCQ, D) (2.9)
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where
Bi(A% ) —iVaAB,(A % 1) 0
B(A, 1) = _
( 0 Bi(A% ) +ivaAB,(A?, r))
2 N 2
C(M)=(cl(,\ LD —iVarCy(A % 1) 2 .0_ 2 )
0 Ci(A% D +iVarCy(A%, 1)

and Bl(}\z, 1), Bo(A%, 1), C:(A% 1), C(A?, t) are arbitrary matrices of the order N.
These ‘restricted’ transformations of the form (2.9) are, as we shall see, wide enough.
It is not difficult to show that the following identity holds

- J‘_:o du S, w, )(1 - B(u, NS (1, A, £)+(1=B(A, DB -1)
= J-_+°° dx dy i[ﬁf (x,y, t)( 1 ~§(£;, t>>13‘;/ .y, t)]

j dx dy E¥ (x, y, t)[P(x v, t)(l B(— ))F:'(x v 1)

(1 B(— )) ', y, DET (x, y, z)] (2.10)
where
=(5 o)
and
B )= Gaoronnr  mmn )

Combining the relations (2.8), (2.9) and taking into account the identity (2.10) we
find

+o0 . ./ 3 . .t
j dx dy[Ff x, y, t)B(g, r)P'(x, v, DET (3, y, 1)

-4 ~(d Ay,
~Bly, 0B(, )BT (x, v, r)] -o0. (2.11)
Gy F

Here and in what follows for an arbitrary 2N X 2N matrix
_ (%1 ¢2)
¢ (¢3 b4
where ¢1, @2, @3, @4 are N X N matrices, the quantity ¢ means
det (0 d’z)
6= ( 5 0)

The matrices B1(38/9dy, t) and B»(8/dy, t) Wthh are contained in formula (2.11) can
be represented by the form B;(3/dy, t) =2, Bl,,(a/ay, 1)H, and B(8/dy,t)=
Ey 1 B2,(8/38y, t)H, where matrices H,, (y , N*) form a basis for the full linear
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matrix algebra gl(N, C)and B, (d/dy, t), B2,(3/dy, t) are some functions. Inthe present
paper we shall consider only the functions B1,(3/3y, t), B»,(3/dy, t) entire on the first
argument, i.e. Bly(a/ay, t) = 2:0=0 bly(,.)(t)a"/ay ", Bzy(a/ay, t) = 2::0 bz,,(n)(t)a"/ay "
where b1,)(t) and ba,y(t) are arbitrary functions. For such functions B, (3/8y, t)
and B,,(3/dy, t), the equality (2.11) can be rewritten as follows

+00
j_ drdy 3 3 THUG D HbuyoOE ~HLU G y) (-1 b1yn065

y=1n=0

+ U (X, 9)H b2y m) = HyU' (%, Y)b2y o) (=10} = 0 (2.12)

where Tr denotes the usual matrix trace and

7 (im a F ), im def an F’-+ "
@) = (aya = Fm @0 = F3i (ayan L
()i FED (2.13)
o im det i v (im def -
( G ))kl = 3 1 k (F3 )lma (X'En)))kl = (F3 ), 4n i
y" ay

Lk, Im=1,...,N;n=0,1,2,...
where we represent the 2N x 2N matrices #* and F* in the block form

ﬁ+,=(ﬁ?’ F“I’) F+=(I~‘T P“‘;)
L Fy Fi)

3. Recursion operators

For further transformation of the equality (2.12) one must establish the relations
between the quantities ¢, and x () w1th different n.
Let us introduce, in addition to qS(,.) and ¥(n), the quantities

m def ﬁ+ l’ m def a F i

iy ST E ks gy, T E Dy 6.1
ay" ay”

With the use of (2.1), (2.2) and definitions (2.13), (3.1) we obtain the following system

of equations

P =X~ Zim (3.2a)
X
X n) » 2 LI »
d " =_a¢(n+1)~22(n)— Z Cmen—md’(m) (3.2b)
X m=0
621( -~ a - A ~
Tn)=a¢(n+1)_a'{g¢(n)+z2(n)+¢(n) U (3.2¢)
3Z2my 9 "
ax" = —aZypsnF AR mrn— @ 5;X(n)+X(n)U

=Y CrU w2 1om) n=0,1,2,... (3.2d)
m=0
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where

.l and det U (x, y, 1)
™ mlin—-m)! ) gy*

A Diﬁerentiatjng the equation (3.2a) over x and using (3.25), (3.2¢) one can express
Zyny through ¢y (m =0, 1, ..., n+1). Substitution of the expre;ssions obtained into
equations (3.26) and (3.2d) and the use of the equalities ¢(n) (x =+00,y,1)=

R+, y, ) =280 (+00,y, 1) = Z§ ) (+0, y, 1) =0 give

#0wy0=17(2760 - ¥ CLULmdlh) 33)

and

. A oa R N - - .
S =Aadliin -7 L Cua l[a AU la1-m@ ) =87 (U1 ())U

+U(,n—1—-m)a_1<A+(£EI:t)) _(55?) U+IZOC;"U£"I_,)$ES))] (3.4)
where
-1 def < , , 3 82
@ Nl y) = —I dx'f(x', y), Ar=ta—+—
x dy Ox
def . def
$¢ = A+¢+U(x, y, t)¢, $ ¢ = A_¢ +¢U(x’ y, t)

and the operator f\(l) acts as follows

Aog = —f&—a‘l[a‘lmi% +A(U'$) =87 (ZT¢-U')U~U's"(£'¢ —¢U)l.
(3.5)
From (3.4) it follows that there exist operators f\(,,) such that
éim =Awd () n=1,23,.... (3.6)
These operators A, are determined from the following recursion relations
Awd =AnAe-1d

1 n—-2 n— B _ , " B , n
. Z_OCm 'a 1[8 AU 1oy Aemy®) =87 (U (et my Ay U

Uluesom 3 (8 A AU + ¥ CPU o At

n=2,3,... (3.7
where the operator f\m is given by (3.5). In virtue of (3.6) the relation (3.3) is

n
#5 =107 (L Rl ~ 3 ChUlom A ). (3.8)

By analogous calculations one can show that

bi5) =Amo & n=1,2,3,... (3.9)
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and
n
v (F) 1,-1 £ (F) X (F)
Xy =—20 ($'A<n)¢<0) - ZO CnAmd© U(,,_m)>. (3.10)
me
The recursion operators /v\m) are found from the recursion relations

]\(n)tb = /v\u)/v\(n—nd?
1n2 Ty i
+ 2 et ‘[a 1A (Rom@Utn1-m) = U'8” RimSUn—1-m)

4(1 m=0
+a"1(A+]\(m>¢ —U'Apmyd + IZO CTAwe U(m-t)) U(n-m)]

n=23,... (3.11)

where /\(O)El and

. 1 ., _ . ,
Rap = =0 T (ML~ 8- (@U)+U'T (&' —0U)+3 (L6 - U's) Ul
(3.12)
The operators Ay and A are not independent. From their definitions it follows
that for example

n n—k

v n 0
A= Z ('_1)ka

= ayn—k

Ao n=1,2,.... (3.13)

In the following constructions we shall use the operators Al and /v\fn) adjoint to
the operators A, and A, with respect to bilinear forms

+

x ¢>‘f—f‘j dx dy Tr(x (6, Y)W (x, ¥)).

—Q0

The corresponding recursion relations for the operators f\f’,,) are of the form
~ N n 1 n=2 net A _ _
Riwt =Aivhid —7= L Co AGfo™ (84~ U)3 "¢ Win-1om)

+(A_ U0 GU n-1-m) )}

1 n=2 e m m A B _ , ,
“da L Cn' X CTAIGE (07U lnm1om) Ulmn-n)
n=2,3,... (3.14)

where the operator A, acts as follows
~ 1 _ _ _ _ -
AL =-E[a‘1Aia '+ UA B +(A87%p) U'+A0 (U 87'¢)

+A7TN9 UN-U'@ ¢ U'-U a7 '¢)
+37 Y07 U'-Ud'¢) UL (3.15)
In formulae (3.14), (3.15) and below (3" 'f)(x, y) =" dx’ f(x', y).



3432 B G Konopelchenko

The operators /v\&) can be found from the recursion relations analogous to (3.14)
or from the relations

1+ n - noA+ a"—k
A=ED" Y CiAjoT=== n=1,2,... (3.16)
K=0 ay

4. General structure of the integrable equations and Bicklund transformations

The existence of the recursion operators A(n) and /\(n) is extremely important for the
generalisation of the AkNs method to the two-dimensional problem (3.1). With the
use of the relations (3.3), (3.6), (3.8), (3.9), from (2.12) we obtain

+0

J dx dy Tr{ (()) x, y, Z Z [bl'y(n)(t A(n)(]I_I

vy=1n=0
~ a2 UH, - Y Ch, Ko™ UHU o))
= by =" KU = 32y (1 A58 "HL U

e Az‘m(U(n-m)Hya‘lU'))]} =0 @.1)
m=0

where operators f\fn) and .7\?,,) are given by formulae (3.14)-(3.16).
The equality (4.1) is fulfilled if

N2

Y ((B1y(R*, 0)=3B2y (A%, 1257 )UH, ~ (B1, (A", 1)+ 3B2y (A, 02757 H,U"

v=1

%Z 27(n)(t) Z Cnm(;\(tn)(a——lUH'yU(’n—m))

+(—1)"A(m)(U(n_m)Hya_1U))) =0 4.2)

where

v def X n Y
Bh( t)" 2 bh(n)(t)A(n)’ B%v(A 1) = Zo biv(n)(t)(_l) A?n)-

If the quantities ¢4, (x, y, t) form a complete set (similar to the one-dimensional
case dUU/dy = 0) then the equality (4.2) is also a necessary condition of fulfilment of
the equality (4.1).

The relation (4.2) just determines the transformation of the potential Ul(x, y, t) >
U'(x, y, t) which corresponds to the transformation of the scattering matrix SN, A, 1)~
S'(X, A, t) of the form (2.9). It is important that the relation (4.2) contains only the
potential U and transformed potential U’

The transformations (4.2) form, as it is easy to see from (2.9), an infinite-
dimensional group. This group of transformations which acts on the manifold of the
potentials {U(x, y, 1)} by the formula (4.2) and on the manifold of the scattering
matrices {§ (A, A, 1)} by the formula (2.9) plays a fundamental role in the analysis of
the nonlinear systems connected with the problem (2.1) (or (1.1)) and their properties.
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Let us consider the transformation (2.9), (4.2) generated by the infinitesimal
displacement in time ¢: t >t'=t+¢, € > 0. For this transformation

a , W, t
Ulx,y,)=Ul(x,y,tY=Ulx, y, t)+e————U(;t,y )
2 2 2 , 43)
B1=C1§IN, BzY(A ,t)'—'Cz-y(/\ ,t)=“'€Q,,(A ,t) ‘Y=1,...,N

where Q,(A%, 6)=S_,w,(t)A?" and w,,.(t) are arbitrary functions. Substituting
(4.3) into (4.2) and keeping the terms of first order in ¢ we obtain an evolution equation

N2 .
———~——3U(’;; 2015 (0,(L*, 0%a  UH, +Q,(L*, )€ H,™"U)

1

N2 o n Ay _
+3 Zl Zo Wyn(t) Zo Cr (Lm0 ' UH U nmm))
y=1n= m=

+(=1) "Ly (Uin-myH, 871 U)) = 0 (4.4)
where

At defA+ , v defv+ ,

Loy =AmU'=U), Ly =AU =U)

A def & Ay
Q‘y(L-'-.s t) = z wyn(t)L(n)’

n=0
v def X ve
Q‘y(L+s t) = ZO wyn(t)(_l)"L(n)'

The operators L., and L, are calculated from the recursion relations (3.14) and
from (3.16) at U’ = U. For example

SR [ L PETLAY :
Lay-= 4a{(aay3 +ax) +2[U(x, y), 1+
aU(x’ Y) —1' _ i -2,
+[ ox 9 ]+ a[U(x,y),aya ]_
+a é%a"l[U, 7 1+[U,y),a '[U, a"l-]_]_} (4.5)

def

and Ly, =—L{,~a/dy where [A, Bl. = AB £BA.
For the scattering matrix from (2.9) we correspondingly obtain the following linear
evolution equation

dS(X, A, 0)

PR YX, S, A, =S, A, DY (A, 1) (4.6)

where

N2
Zl Q,(A% HH, 0
o

YA, £) =~ivar (4.7)

N2
0 -Y Q,\%0H,
y=1
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Thus the nonlinear evolution equations (4.4) are infinitesimal forms of the transfor-
mations (4.2) generated by time displacement. The class of equatlons (4.4) is charac-
tensed by the mteger N, recursion operators L(n), L(,.) and by N? arbitrary functions

Q1A% 0, ..., Qn2(A%, t) entire on A%

The equations (4.4) are just the nonlinear evolution equations in 1 +2 dimensions
(one time and two spatial) integrable by the 1ST method with help of the linear problem
(1.1) (or (2.1)). Using the two-dimensional version of the I1ST method (see e.g.
Zakharov et al 1980, Zakharov and Shabat 1974, Zakharov and Manakov 1978,
Zakharov 1980) one can, in principle, find a broad class of exact solutions of equation
(4.4). Let us note that the evolution law of the scattering matrix of the type (4.7)
was earlier considered in Zakharov and Manakov 1978, Zakharov 1980.

The simplest equation of the form (4.4) which corresponds to

N2 N2
21 H.,wyo(t) = wolt)In, 21 Huwy1(t)=wi(t)In
Y= Y=
where wo(t) and w;(¢) are scalar functions and wyz =wy3=...=0(y=1,... LN is
aU(x, v, t) alU(x, y, 1) wl(t) 6 U 3 U(x y, t)
— walt) + j
at ox 4a
+358;(U2(x, yt ))+3[U(x yot I Uiy, )] )=0. 4.8)

In the scalar case (N = 1) and constant wy, w{ = —4a equation (4.8) is the well known
Kadomtsev-Petviashvili (KP) equation considered in Zakharov and Shabat (1974),
Dryuma (1974), Zakharov and Manakov (1979), Manakov (1981). At arbitrary N it
is the matrix Kp equation which was discussed (see e.g. Chudnovsky 1980). The kP
equation (4.8) is the lowest (kpy) form of the infinite family (xp family) of the 142
dimensional equations (4.4) (KXP,: E:’:l H w,0=woln, Z’::l Huw,, =—a 2% "I, Wy =
w72=...=w~,n_1=ww+1=...=0,n =1,2,3,...).

In the one-dimensional case dU/dy =0, the equations (4.4) coincide with those
integrable by the matrix stationary Schrodinger spectral problem (Calogero and
Degasperis 1977).

5. The Bicklund transformation group and nonlinear superposition principle

The infinite-dimensional group of transformations (4.2) contains all transformations
specific to the integrable equations (4.4).

Let us consider transformations (4.2) with matrices B and C commuting with the
matrix Y (A, ), (4.7). AtdB,/ét =08B,/dt =03C1/9t =3C,/dt =0 these transformations
do not change the evolution law (4.6) of the scattering matrix and, therefore, they
are auto Bicklund transformations (BT) for the equations (4.4): they transform sol-
utions of the definite equations of the form (4.4) into the solutions of the same
equation. If 8B,/at #0, dB,/dt # 0 then the transformations (4.2) are generalised BT.
The infinite-dimensional group of transformations (4.2) also contains, as a subgroup,
an infinite-dimensional symmetry group of the equations (4.4). Group theoretical
structure of these equations will be considered elsewhere.
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Let us consider the simplest BT (4.2) which corresponds to
N2 N2
21 Hyb1yy=b1ln, Zl H,bsy0y=b2In
v= y=

and b1, =b24y=0 (n=1,2,...) where b; and b, are arbitrary constants. This BT
Bb is

d
B,(U-U"): b(U’—U)+£;(U’+U)—aJ dx'E(U'(x’, y, ) ~-Ux', y, 1)

+I dx' (U'(x, y, ) -U ', y,8) U'(x, y, 1)

— Uy, ) f A (U y, )= U’y y, ) =0 (5.1)

where b =2b,/b,. Introducing the potential W(x, y,¢) by U(x, y, ) =W (x, y, t)/ox
(W (—c0, y, t) =0) we obtain a local form of BT (5.1):

2
By (W W b= (W= W)+ (W' + W) —a (W' = W)
ox ox dy

+(W’—W)§—‘Y——M(W’—W)=O. (5.2)
ax dx

Let us note that BT (5.2) is universal i.e. it is a BT for any equation of the form
(4.4) and in particular for any equation from the kp family.

BT (5.2) allows us to construct an infinite family of the solutions of the equations
(4.4) by almost pure algebraic operations. Indeed let us consider the following diagram

PN
Wo W,

B,, B,

Ws

(5.3)

1

which expresses the commutativity of BT (5.2) with different parameters b: B, B, =
B.,B,,. Here U; =aW,/ax (i =0,1, 2, 3) are four solutions of the definite (but any)
equation of the form (4.4). With the use of the equation (5.2) for all four solutions
Wo, Wy, Wy, Wi; from (5.3) we obtain

Wi=(b1—b+ Wy~ WZ)—I[(bl —b)(W1+ W, — W)
— Wo(W1— W) +28(Wy— Wy)/ox + Wi— W3] (5.4)

Therefore with the three solutions given, Wy, W;, W,, one can easily calculate the
fourth solution W, from (5.4). Let us emphasise that the relation (5.4) is a universal
one, i.e. it is valid for all the equations of the form (4.4) and in particular for any
equation from the Kp family.

The relation (5.4) is just the nonlinear superposition principle for the equations
(4.4). ‘Some concrete nonlinear superposition formulae for some concrete 1+1
dimensional equations are well known (see e.g. Miura 1976).

Starting from the trivial solution W, = 0 and using the simplest one-soliton solutions
W, and W, (they differ only by the value of the constant ») one can easily obtain
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with the use of (5.4) the infinite family of the soliton-type solutions of the equations
of the form (4.4).

In the scalar case (N = 1) the BT (5.2) and nonlinear superposition formula (5.4)
reduce to

bW = W)+ (W' + W)—a j
ox

—0

dx%(W'(x', Y)= W', y) +X W' = W) =0
(5.5)

and

0
W3=W1+W2—W0+25c-ln(b1—b2+ Wl—WZ) (56)

which coincide at 5 =0 with those found earlier by another method in Chen (1975).
In Chen (1975) the solutions W,, W, were calculated with the use of BT (5.5) (at
N=1,56=0).

In the scalar case (N =1) one can also obtain from (5.3) the other nonlinear
superposition formula for BT (5.5). Itis

(b1+62)(Wa— W1)—2a |2 dx' (8/8y)(Wa(x', y)— Wilx', y))
bi—b+ W, — W,

Wi=Wy+

which at 6W/ady =0 reduces to the well known superposition formula for the Kxpv
family of equations (see e.g. Miura 1976).

In the one-dimensional case dU/3y =0 the general BT (4.2) coincide with those
connected with the stationary matrix Schrodinger spectral problem (Calogero and
Degasperis 1977).

6. Conclusion

In the conclusion we emphasise the following points.

(i) All the results of the present paper can be generalised to the case when
limvzz352.0 U(x, y, £) # 0. In particular, the equation (4.8), BT (5.2) and superposition
formula (5.4) remain unchanged.

(ii) Letus emphasise that in the present paper we consider another direct scattering
problem for the spectral problem (1.1) (or (2.1)) than in Zakharov and Manakov
(1979), Manakov (1981). Namely, in our approach the scattering matrix S, in essence,
relates the asymptotics of the solutions ¢ of the problem (1.1) on x infinities, i.e. at
x = -0 and x = +0, while in Zakharov and Manakov (1979) and Manakov (1981)
the standard version of the scattering problem for the non-stationary Schrédinger
equation (1.1) is used in which the scattering matrix connects the solutions on y
infinities, i.e. at y = —a0 and y = +00. The interrelation between these two approaches
will be considered elsewhere.

(iii) One can try to transfer the 1+2 dimensional AKNs technique to other two-
dimensional spectral problems. In particular, to

2 2
a_g—a_—gijr Ulx, Y, t)d/=0 (61)
ox° ady
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and
O T S (SR U

where U, Q and R are N X N matrices and « and B are arbitrary constants. For the
one-dimensional counterparts of the problems (6.1) and (6.2) (i.e. at aU/dy =0,
8Q/dy = aR/dy = 0 and ay/dy = Ay) it is possible to calculate the recursion operators,
to find the general form of the integrable equations and their Backlund transformations
and so on (for problem (6.1) see Calogero and Degasperis (1977), for problem (6.2)
see Konopelchenko (1981c)). For the two-dimensional problems (6.1) and (6.2) one
can obtain all the formulae analogous to those given in § 2. But the recursion operators
analogous to A(,.) and Am do not exist for the problems (6.1) and (6.2). Namely,
instead of the relations (3.6) and (3.9) we obtain the relations of the type

LF) _ A (F) In £F)

by = Aomyd @ +Army® 1y

Y _ X B X LE _

&y =Aoyd @) +Aim@ ) n=2,3,4,.

where f\o(,.), A1y and 1"\0(,,.), ]Xl(,.) are operators which can be calculated by certain
recursion relations. So, the two-dimensional spectral problems (6.1) and (6.2) essen-
tially differ from the problem (1.1) and the problem ¢/dx + Ady/oy + P(x, y, )y =0
(Konopelchenko 1981d) from the AxNs-technique point of view.
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